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Abstract 



In this paper we study arbitrary W algebras related to embeddings of s/2 in a Lie 
algebra g. We will give a simple general formula for all W transformations, which will 
enable us to construct the covariant action for general W gravity. It turns out that 
this covariant action is nothing but a Fourier transform of the WZW action. The same 
general formula provides a 'geometrical' interpretation of W transformations: they are 
just a homotopy contraction of ordinary gauge transformations. This is used to argue 
that the moduli space relevant to W gravity is part of the moduli space of G-bundles 
over a Riemann surface. 



■i- e-mail: cieboer@ruunts.fys.ruu.nl 
^e-mail: goeree@ruunts.fys.ruu.nl 



1. Introduction 

One of the most dramatic discoveries concerning quantum gravity in two dimensions 
has been Polyakov's observation that 2D gravity in the hght-cone (or chiral) gauge has 
a 5*/ (2, ]R) gauge symmetry [Q. The reason for the occurrence of this unexpected sym- 
metry has become more clear from Polyakov's 'soldering procedure' 0|, which shows 
how two dimensional diffeomorphisms can be obtained from Sl{2,]R) gauge transfor- 
mations. This procedure strongly hints at a connection between the gravitational 
action and the WZW action for a S'/(2,1R) gauge field, something which was indeed 
established by @, §], who showed that the gravitational action is related to the WZW 
action of a constrained 5/(2,11) gauge field. The consequences of these results are 
quite far-reaching: i) they relate the correlators in chiral gravity to those in S'/(2, IR) 
gauge theory, ii) they pave the way to study renormalization effects in 2D quantum 
gravity [^], and Hi) replacing 5*/ (2, IR) by some other non-compact real Lie group they 
open the possibility to study higher spin generalizations of ordinary 2D gravity, i.e. W 
gravity theories. 

In this paper we will concern ourselves with the last point. We will show that many 
of the results mentioned above for the case of ordinary gravity can be extended to the 
case of W gravity. The W algebras we will consider are quite general: they are related 
to SI2 embeddings in a Lie algebra g [|l^, which among others contain the standard 
Wn algebras [^. For these generalized W algebras we will construct the chiral and 
covariant action, and show that both can be understood in terms of a WZW model 
based on the Lie group G corresponding to g. For the chiral action this implies that 
correlation functions in chiral W gravity can be computed from the operator product 
expansion of the Kac-Moody currents of the WZW theory based on G. 

More importantly, having a clear understanding of the covariant action for W 
gravity gives us information about the degrees of freedom of W gravity. To appreciate 
this point, consider ordinary gravity. The metric in ordinary gravity has three degrees of 
freedom, the Liouville field and a complex Beltrami differential fi. These parametrize 
a general metric via ds"^ = e~'^'^\dz + fidz\'^. Now imagine that we start working in the 
chiral gauge /i = = and construct the chiral gravitational action T[fi], and similar, 
working in the gauge /i = = 0, its partner of opposite chirality T[fi]. Suppose we want 
to couple these chiral actions in such a way that the resulting theory is invariant under 
diffeomorphisms. For ordinary gravity we know how to do this: we have to introduce 
the Liouville field 0, and build out of this and fj,,fj, a. metric as indicated above. 



Given this metric we construct an action using only covariant quantities, which is such 
that it reduces to the chiral action T[fi\ or T[fl] if one takes the corresponding gauge. 
Since only covariant quantities are used, this action is then diffeomorphism invariant 
by construction. For W gravity however, this procedure is not as clear cut as this. We 
can construct r[/ij], the W analogue of the chiral action T[fi], but it is not at all clear 
which fields we should introduce in order to construct out of these and the iii,fii the 
W analogue of the metric, and possible higher spin fields, simply since we have no idea 
what these W analogues are. But if we somehow can circumvent this problem of not 
knowing what the W analogue of the metric is, and still construct a covariant action, 
the extra fields one has to introduce for W gravity should arise automatically. In |^ , 
such extra fields were found necessary to construct an action of matter covariantly 
coupled to the Ws algebra. 

This is in fact what we shall do in this paper. We will show that the covariant action 
for W gravity can be obtained by Fourier transformation of the WZW action based 
on G. This Fourier transformation will turn out to be easy and exact to do, since 
the integrals involved are simple Gaussian integrals. The resulting action is closely 
related to the action of a gauged WZW theory [^, albeit that the subgroup one 



usually gauges is replaced by the W algebra. This procedure will make it clear that 
the extra fields we have to introduce for W gravity can be labeled by one extra group 
variable G E G. Specializing to a particular W algebra one can subsequently show that 
some of the degrees of freedom labeled by G are non-propagating and can therefore 



be integrated out [^. For example for ordinary gravity it will turn out that only the 
Cartan subgroup of G = S'/(2,1R) labels a true degree of freedom, which is of course 
nothing but the Liouville field (p. For other W algebras one is generically left with the 
Cartan subgroup of G plus more. Working out the action for these W algebras one 
finds that the Cartan subgroup of G gives rise to a Toda system coupled in some way 
to the parameters /ij, /ij of the W algebra, something which might have been expected 
from the intimate relation between Toda theories and W algebras PT|. But since the 



degrees of freedom for generic W algebras are not labeled by the Cartan subgroup only, 
this Toda system will in general be supplemented by some extra piece. This structure 
of the covariant action was previously found in |^ , where we studied W algebras using 



Chern-Simons theory. The advantage of our present method is that: i) it gives better 
insight in what the degrees of freedom for W gravity are, ii) it is also applicable to 
non-standard W algebras, in) it gives a relation between the partition function for W 
gravity and the partition function for WZW theory, and iv) the constructed covariant 
action is manifestly invariant under left and right W transformations throughout the 



construction. 

Another subject we will concern ourselves with in this paper regards the 'moduli 
space for W gravity'. Recall that a nontrivial ingredient of string theory in general and 
of quantum gravity in particular is that the space of metrics modulo Weyl transforma- 
tions and diffeomorphisms is not trivial, but constitute the well known moduli space 
of Riemann surfaces. For ordinary gravity this space is well understood, but what the 
appropriate generalization of this space to W gravity is, is still unclear. Topological 
field theory and the matrix model approach to 2D gravity seem to suggest that the 
moduli space for W gravity is somehow related to the moduli space of flat S'/(iV, IR) 
bundles |2^. In this paper we will show that with an appropriate definition of W 
moduli space (or more precisely W Teichmiiller space), which essentially defines it to 
be the space of W fields modulo W transformations, this space can be computed for 
arbitrary W gravity. It turns out that for the standard Wn algebras, this space is a 
component of the moduli space of flat Sl{N, IR) bundles (as conjectured by E. Witten 

pop, and that for the other W algebras it is a space whose interpretation remains 



m 



unclear. 

The computation involves several steps that are of independent interest. First of 
all, a formulation of W algebras on arbitrary Riemann surfaces is given, thereby gener- 



alizing 1^ . This is necessary, because the existence of moduli is intimately related to 
the fact that the Riemann surface has nontrivial topology. This formulation involves 
certain nontrivial Sl{N,(C) bundles over the Riemann surface, forcing us to extend the 
definition of the WZW action to the case of nontrivial bundles. This will enable us to 
write down chiral and covariant actions on arbitrary genus Riemann surfaces. Next, 
we show how one can obtain W transformations from ordinary gauge transformations 
by a mathematical procedure called homotopy contraction, providing an alternative 
geometrical picture of W transformations. To complete the proof of the relation be- 
tween W moduli space and fiat Sl{N, IR) bundles, we show that the W moduli space 



is in a natural way a subspace of the so-called moduli space of Higgs bundles ||I3|, |T5 
This generalizes the relation between metrics on a Riemann surface and Higgs bundles 
previously discussed by Hitchin. 

This paper is organized as follows: in section 2 we show how the covariant action for 
ordinary gravity can be obtained from S'/(2,IR) WZW theory. In section 3 we review 
the construction of general W algebras associated to s/2 embeddings in certain non- 
compact Lie algebras g, and present a general formula for W transformations using 
an operator L that depends only on the s/2 embedding. This general formulation is 



used in section 4 to construct the chiral and covariant actions for general W gravity. 
Finally, in section 5 we discuss the generalization of all this to higher genus Riemann 
surfaces and compute the moduli space for W gravity. 

In this paper we will only consider classical W algebras, by which we mean Poisson 
algebras that describe the large c behavior of quantum W algebras, i.e. of all numerical 
coefficients of the quantum W algebras we only keep the highest power of 1/c. In the 
literature, one sometimes finds different definitions of a classical W algebra, that are 
further reduced versions of the W algebras we consider. All our computations will also 
be valid only to lowest order in 1/c. 



2. Induced Gauge Theory and Gravity in Two Dimensions 

Consider some action S (matter, gat), describing a set of matter fields coupled to 
gravity, which is invariant under diffeomorphisms and Weyl transformations. Inte- 
grating out the matter from such a theory one obtains a gravitational induced action 
r [(?„(,]. If the theory has no anomalies, T[gab] reduces to an action on moduli space, 
since on the classical level the number of degrees of freedom of the metric equals the 
number of invariances. However, as is well known, the procedure of integrating out 
the matter cannot be done in both a Weyl and diffeomorphism invariant way, leading 
to a non-trivial g dependence of r[5fafc]. Using a diffeomorphism invariant regulator 
to handle the matter integration one obtains the following expression for the induced 
gravitational action: 

a result first obtained by Polyakov ||l|. Note that Cm, the central charge of the matter 
system, is the only remnant of the matter system we used to define the induced action. 

In this paper we will concern ourselves with the generalization of the above result 
for ordinary gravity to the case of W gravity. At first sight this seems rather difficult, 
since up till now it is by no means clear what the W generalizations of the metric, 
diffeomorphisms, etc. are. We will circumvent these difficulties by first relating ( p.l|) 



to the action of a Sl{2, IR) WZW model. Then the generalization to W gravity will 
consist of replacing Sl{2, IR) by some other non-compact real Lie group. 



The fact that r[(7(jf,] is somehow related to Sl{2,'\R) WZW theory, might have been 
expected from the works of Polyakov and Bershadsky and Ooguri |^ , who showed 
that a similar relation exists for induced gravity in the chiral gaugeQ. Indeed it was 
Polyakov who first discovered that two dimensional gravity in the chiral gauge can be 
described in terms of a 5/(2,11) current algebra 0. The reason for the appearance 
of this Sl{2, IR) current algebra was further elucidated in g], where it was shown that 
the partition function for gravity in the chiral gauge can be written in terms of a 
constrained WZW model: 

/D/xexp(-rH) = / , ^^ ,/ (J+ - l)exp(-A:S_(^)), (2.2) 

where J^ = g^^dg, k is related to the matter central charge Cm via c^ ~ —6k, and 
we have to divide by the volume of the Borel subgroup B~ = exp(eT~) under which 
the constrained WZW model is invariant. This result can be straightforwardly gener- 
alized to the case of chiral Wp^ gravity (at least in the large k limit) by considering a 
constrained Sl{N, JR) model instead of the Sl{2, IR) model. 

We will take a different approach to the subject here, and study the covariant 
induced gravity theory. We will argue that also the partition function for this theory 
can be understood in terms of a 5'/(2,IR) WZW model. The correspondence we will 
arrive at reads: 

/ (gai^gtlol) ^^P(-rM) = / (gfu^eToV ^^-^ " '^^^^' " '^ exp(-A:5_(,Gr^)), 

(2.3) 
where on the l.h.s. we have to divide by the volume of the diffeomorphism group and 
on the r.h.s. we have to divide by the symmetry group of the left, right constrained 
WZW model. Also this formula can be easily generalized to the case of general W 
gravity by replacing Sl{2, H) by some other non-compact real Lie group, something 
which will be done in section 4. 

Before we come to the above result (|2.3| ), we will first explain how chiral induced 
gravity is related to chiral induced 5/(2, IR) gauge theory. We start by reviewing some 
generalities of chiral induced gauge theories. Next we show how the defining relation 
for r[yu] can be obtained from Sl{2, IR) gauge theory, which makes it possible to obtain 
an expression for r[/i]. Then, to obtain the covariant action for induced gravity, we 

*By this we mean that a general metric, which can always be written as ds^ — e~'^'^\dz + /idzp, is 
reduced to ds^ = dzdz + ^dzdz, so we impose the gauge tp = p, = 0. 



couple the left and right sector, i.e. T[fi] and r[/i], in such a way that the resulting 
theory is invariant under diffeomorphisms, leading to (Bl 



2.1. Chiral Induced Gauge Theories 

Given some action ^(matter, A^), describing a chiral gauge field A^ coupled to some 
matter system, which is invariant under gauge transformations, we define the induced 
action for chiral gauge theory as: 

exp(— riAj]) = / Z}(matter) exp(— ^(matter, Aj)) 

= (exp-^Jd'zTT{A-M), (2.4) 

where J° are the Noether currents corresponding to the gauge symmetry. The operator 
product expansion 



fab I. 

J:{z)JI{w) ~ -^J:{w) + j-—--X\ (2.5) 



where k is the level of the matter current algebra, implies the following differential 
equation for the induced action: 

(„-S + /fA|(...))^ = ±aAK...). (2,6) 

The solution to this equation is well known 0]: it is given by r[ylj] = kS^^^{g), where 
Az is related to g via A^ = g~^d(^. So starting with any matter system coupled to a 
chiral gauge field A^, the induced gauge theory action will always be given by kS^^^{g), 
with k the level of the matter current algebra. Note that if one defines 

,^, _ 2n 5T[A,] 
-^^ ~ k 6 A, ' ^ '^ 

( |2.6| ) states that the pair {J*""^, Aj} has vanishing curvature. In this way the WZW 
functional can be viewed upon as the solution of the zero-curvature condition. 



^Such a paramctrization for Ag is of course only generic if we are working on the plane, as we do 
here. The generalization of this to higher Riemann surfaces will be dealt with in section 5. 
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In the definition of r[y42] tlie gauge field Ag is treated as a classical background field. 
To 'quantize' the gauge field we consider the generating functional for A2 correlators: 

exp(-r[f/,]) = JDA.exp (^-T[A,] + A- J d^zTT{A,U,)^ . (2.8) 

r[[/j,], which can be seen as the Fourier transform of r[y4g], can be computed explicitly 
if one uses the Polyakov-Wiegman identity for the WZW action (see the Appendix): 

SLJgh) = Sl^M + St,.^{h) + lJd'zTTig~'dgdhh-'). (2.9) 

For this, parametrize Az = g^^dg and Uz = h^^dh, and replace the measure DA^ in 
(|2.8| ) by the Haar measure Dcj^. One has: 

exp(-r[f/,]) = eMkSZ.M) j DgeM-kS^.u,{9h'')). (2.10) 

Since the Haar measure is invariant under the action of the gauge group, the result of 
the g integration is independent of /i, and we obtain T\Uz] = —kS~zwW- This result 
could also have been derived as follows: since in the large k limit the semi-classical 
approximation to the path integral in ( |2.8| ) is exact, we solve for the stationary points 
of T[Az] — ^ J (PzTr{AzUz)- Using the results of Appendix A one easily verifies that 
these are given hj g = h. Plugging this back into ( p.8| ) results in T[Uz] = —kS~z^{h). 

In the next subsection we will consider the analogous case of induced chiral grav- 
ity. The operator product expansion of the matter stress energy tensor T^at gives a 
differential equation for the induced action exp(— r[/i]) = (exp{—^ J fxTmat)) quite 
similar to ( p.6|) . We will show that this differential equation can be obtained from the 
zero-curvature condition for a 5/(2,11) gauge field if we constrain the gauge field to 
a particular form. (The origin of these constraints can be traced back to the work of 
Drinfel'd and Sokolov |2^, who showed how such a constrained gauge field in a nat- 
ural way (via Hamiltonian reduction) gives rise to the second Gelfand-Dickii bracket 



24| , which exactly reproduces the classical form of W algebras.) Given this relation 
between the defining differential equation for T[fi] and the zero-curvature condition for 
a constrained gauge field, it will be straightforward to write down an expression for 



■•■Here we neglect the Jacobian | „ ^ | arising from the variable transformation, which can be com- 
puted exactly as det(9 + Az) = exp(2cv S^^wid)) ^ where cv is the dual Coxeter number. This 
contribution can be ignored since we take the large k limit. 



T[fi\. Before we come to this, we will spend a few words on how two dimensional dif- 
feomorphisms follow from 5/(2, H) gauge transformations if one considers constrained 
gauge fields, a construction due to Polyakov [§]. 



2.2. DiFFEOMORPHISMS FROM GAUGE TRANSFORMATIONS 

Consider a constrained S'/(2, H) gauge potential A^ of the form 



A, = A + W=(^ M, (2.11) 



where A is the constant matrix p, p, K and W is the matrix containing T, the only 

dynamical component of A^. We will focus on gauge transformations that leave the 
form of Az invariant. As we will see in a moment, finding such gauge transformations 
is equivalent to finding a current Jj, such that the pair {A^, J2} has vanishing field 
strength. One can easily solve for two of the three components of J^ from the zero- 
curvature equation 

F(A„ J,) = dJ, - BA, + [Az, J,] = 0. (2.12) 

The result is that J^ should be of the form 



Substituting this in ( |2.12|) leaves us with one equation, which is precisely the chiral 



Virasoro Ward-identity 

'a - /i9 - 2((9/i)) T + i^V = 0. (2.14) 



If we replace in this equation /i by e and dT by S^T, we find precisely the transfor- 
mation rule for an energy-momentum tensor with c = 6 under a general co-ordinate 
transformation. Going back to ( p.l2|) , we see that 



6,A, = DaAM^)), (2.15) 



where Da^ = d + [A^, . ] is the covariant derivative, and Jz(e) is ( p.l3|) with /x replaced 



by e. Note that Jz(e) is indeed the unique gauge transformation that leaves the form 
of Az invariant. This shows that co-ordinate transformations take the form of field 
dependent gauge transformations. This generalizes to arbitrary W algebras as will be 
discussed in section 3. 



2.3. Chiral Gravity from 5/(2,^1) Gauge Theory 

As emphasized in the above geometrical observation hints at a connection be- 
tween the gravitational action and the action for induced S'/(2, IR) gauge theory. Con- 
sider the induced action exp(— r[|u]) = (exp(— ^^ / jjTmat)) for chiral gravity. Since T[jj] 
is the generating functional for the correlation functions of the matter stress energy 
tensor Tmat, the operator product expansion 

r^ / N^ / N Cm/2 2Tmati'w) dTmat{w) 

T^at{z)T^at{w) ~ , "^ .. + , ""^V,^ + ^I^^^^^^, 2.16 

[z — wf [z — wY z — w 



implies the following differential equation for r[/i]: 



Defining 



(9-^9-2(3^))Si = |Lg3^. (2.17) 



27r(5r[/i] 

Tind — —, ^ — , (2.18) 

k ojj, 



(where we made the identification Cm ~ — 6/c) we see that this defining relation for 
r[/i] is precisely the same as the chiral Virasoro Ward identity (|2.14|) , obtained in 
the previous subsection by considering the zero- curvature condition for a constrained 
^/(2, M) gauge field. 

As explained in section 2.1, the solution to this zero- curvature condition is given by 
the WZW functional. This implies that r[T], which is the Fourier transform of r[/i], is 
simply given by r[T] = ~kS~^^{g), where g is such that g^^dg = K + W (see ( p.ll| )). 
In turn, r[/i] can then be determined by Fourier transformation: 

exp(-r[^]) = I^Texp [-T[T] -^-Jd'zfiT^ (2.19) 
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JDTDhexp (^-kS+,Jh) + ^Jd^zTi{g-'dgh-'dh) -^-Jd^z^iT^ 
I Dh 5{Jt - /i) exp (-kSt„^{h) + ^ fd^z TT{Ah'^dh) 



where Jg = h~^dh, and we used the Polyakov-Wiegman identity for the WZW action 
to go from the first to the second hne. The 'extra' term in the exponent, TT{Ah~^dh), 
was previously found in [Q] and in a different form in [^ . Before we come to our final, 
more manageable result for T[fi] note that the argument of the exponent in the last 
line can be written as —kS^^^{hf), with / = exp(— zA). Using the invariance of the 
Haar measure we thus find 

exp(-r[/.]) = j Dh5{^i - {Jt + 2zJt - z'j^)) eM-kSL^h)), (2.20) 

which explains the occurrence of the Sl{2, IR) current algebra in chiral induced gravity. 

In order to obtain a more tangible expression for r[/i] we take the large k limit 
of ( p.l9|) . In this limit r[/i] is given by the semi-classical approximation to ( p.l9| ). 
As explained in Appendix A, the equation of motion for h has as its solution that 
h-^dh should be of the form (gJ^. So r[/i] = kS^,^{h) ~ ^ J d^zTT{Ah-^dh), with 



Jz = h ^dh of the form ( |2.13| ). In ( |2.13|) T is related to fi via the chiral Virasoro Ward 
identity (|2.14|) . This identity can in principle be used to determine T as a non-local 



function of fi. In the next subsection we will see how a local expression for T can be 
obtained when one takes a convenient parametrization for /i p|. 



2.4. Local Expressions for the Induced Actions r[r] and T[ij] 

We saw that the induced action r[/i] can be written in terms of a WZW model, 
in which the group element h is constrained such that J^ = h^^dh is of the particular 
form ( |2.13|) . To find a more explicit form for the induced action we now want to solve 



the constraints imposed on h. For this we take the following Gauss decomposition for 

>'-('')(': 'Ml °)- (2.21) 



Demanding Jj to be of the form (|2.13|) gives the following identities for F, V,ip: if) = 
I log dF and V = —dip, and F the only independent variable is related to fx through 
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jU = dF/dF. From ( p.l3| ) one obtains the following local expression for T: 

T=\{F.z} = \{^^-''-r-^] I, (2.22) 

i. e. the Schwarzian derivative of F. One easily verifies that this /i and T indeed solve 
the chiral Virasoro Ward identity ( p.l4|) . Inserting this solution for h back into the 
result r[yu] = kS:^^^{h) — -^ j d?z1i{Kh~^dh) we found previously, gives 

n^F)] = hjd'zj^^ (d'FdF - {d'Ff) . (2.23) 

In a similar way we can find a local expression for r[r] = —kS^^^{g), with g^^dg 



restricted to be of the form ( 2.11 ). Taking the above Gauss decomposition for g we 
find that the constraints on g are also solved hy ip = \ logdF, V = —dip. Again T is 
the Schwarzian derivative of F, and T[T] becomes 

r[T(F)] = -tJd'z j^ {d'FdF - 2{d'Ff) . (2.24) 

Note that T[T{F)] = -r[fi{F-% where F'^ is such that F{F-\z,z),z) = z. So in 
this picture Fourier transformation just amounts to taking the inverse function. 



2.5. CovARiANT Gravity from S'/(2, IR) 

Previously we demonstrated how diffeomorphisms arise from Sl{2, IR) gauge trans- 
formations if the gauge field is restricted to a particular form. This fact enabled us to 
compute the action for induced chiral gravity 

r[/i] = kS^^^Jh) -±^JdhTT{Ah-'dh), (2.25) 



where J^ = h ^dh is restricted as in ( 2.13| ). As explained diffeomorphisms are repre- 



sented by gauge transformations: 6eh = hX{e), where X{e) is (|2.13|) with /x replaced by 
e. Note that this transformation rule for h reproduces the standard transformation rule 
for the Beltrami differential fi: 5^^ = de + ed^ — fide. Given the behavior of the WZW 
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functional under gauge transformations, one easily verifies the following 'anomalous' 
transformation rule of the induced action: 5er[/i] = —^J(fzed^fi. 

Instead of gauging the right handed sector which we did up till now, we could as 
well gauge the left handed sector. Of course, all the results derived above for the former 
gauge have their analogs for this new gauge. The induced action r[/2] is given by 

m = kS-,Jh) -lJd'zTT{Ah-'dh), (2.26) 

where h is such that h'^dh is given by the transpose of (|2.13|) with fi, T replaced by jl, T, 
and A is the transpose of A. Similarly, diffeomorphisms are represented by 5^h = hX{e), 
where X{e) is the transpose of X{e) with e replaced by e. Under diffeomorphisms T[p] 
transforms as: (5er[/i] = —-^jdPzed^Ji. 

The main goal of this section is to construct out of the chiral actions r[/i] and 
r[/2] a covariant action Scov{fJ',fi, ^) which is invariant under diffeomorphisms. Here $ 
denotes some set of additional fields which may be needed to make the action invariant. 
Stated differently, we are looking for a 'local counterterm' Ar[/i, fl, $] whose anomalous 
behavior under diffeomorphisms exactly cancels that of the chiral actions. Then the 
covariant action will be given by Scov = ^^[fJ',P',^] + r[/x] + T[p]. An interesting 
consequence of this decomposition of Scov into a left and right chiral action and a 
mixed term AF is that if we define the wave-function \E'[/x] = exp(— r[/i]), the partition 
function for induced gravity can be written as the norm squared of "^[fj]: 

Zgrav = / , ^^"^ ,, exp(-rM) = {^ , ^) , (2.27) 

J (gauge vol) 

where (gauge vol) denotes the volume of the diffeomorphism group, and the inner- 
product is defined as: 

^^^'^^^"/ (gaC^vot) e^p(-^r[^,/.,$])vl/,[^]vI/,[^]. (2.28) 

From standard Fourier theory we then know that the partition function can also be writ- 
ten as the norm squared of the Fourier transformed wave- function T[T] = exp(— F[T]), 
for which the inner-product is given by: 

(Ti,T2) = / f^^™ exp(-AF[T,f,$]) T^[f]T,[T], (2.29) 

J (gauge vol) ^ ^ 
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where Ar[T, T, $] is the Fourier transformed of Ar[/i, /i, $] with respect to /i, /i. 

This second formulation is in fact more suitable, because, as we will see shortly, the 
covariant action ScoviT,T, $) = AT[T,T, $] + T[T] + T[T], is easier to derive. Recall 
that r[T] is simply given by a restricted WZW functional and that diffeomorphisms 
are represented by the gauge transformations 6^g = gX{e). Similarly, T[T] = —kS^{g), 
with g~^dg = A + W (the transpose of ( p.ll|) with T replaced by T), and diffeomor- 



phisms are represented as S^g = gX{e). From all this it is obvious that if we introduce 
as our extra field $ one more group variable G, which under diffeomorphisms trans- 
forms as: 

(5,,,G = -X{e)G + GX{e), (2.30) 

the covariant action we are looking for is given by^ Scov{T,T,G) = —kS~^^{gGg^^). 

Using the Polyakov-Wiegman identity for the WZW functional, one now easily 
computes AT[T,T,G] to be: 

Ar[T,f,G] = ^ f d^zTT{{A + W)G-^dG) - ^ f d^zTT{{A + W)dGG-^) 

+ljd^z Tr((A + W)G{A + W)G-^) - kS'.^iG). (2.31) 

Ar[/i, /i, G] can now be obtained from this by Fourier transformation. In the chiral case 
this was a non-trivial, although not impossible procedure, but here things are much 
more simple since the integral over T, T is a Gaussian integral, and can thus easily be 
carried out. Indeed, if we parametrize G by the Gauss decomposition: 

the saddle-point equations for T, T become 

T = uj^-dio + fie-'^''', 

f = oo^-dij + fie-^'''. (2.33) 

Substituting these expressions back leads to the following result for Ar[/i, /i, G] ^, |26l 

Ar[/i, fM,G] = ^ f d^z [d(j)d(j) + uj{2d(f) + dfi) + ij{2d(j) + Bji) 

+fiuj^ + fjw^ + 2ujuj - (1 - ^l^l)e-'^'^] . (2.34) 



§Note that Scov cannot just be any function of gGg ^ since for the chiral gauges G = 1, T = or 
G = 1,T = the covariant action should reduce to the corresponding chiral action. 
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From ( 2.34 ) we recognize that uj^uj are auxiliary fields. Replacing also these fields by 



their equations of motion gives: 

Ar[/i, /.,</)] = 5z.[</),/i,/i] +ir[/i,/i]. (2.35) 

Here 

SL = ^Jdh^ {r'da(t>dk^ + 4e-^<^ + 0^) , (2.36) 

is the well known Liouville action, the metric g is defined by ds^ = \dz + iidz\'^, and 
K[fi,p] reads 

K[fi, li] = -tj d'z (1 - ixfi)-' {dfidfi - \ii{djif - \ji{diif) . (2.37) 



Ar[/i, yU, 0] as given in ( |2.35| ) is known as the Quillen-Belavin-Knizhnik anomaly pB|. 



It 'covariantizes' the product of the wave-functions \l/[//] '^[ji\- In conclusion we find that 
Polyakov's result for the covariant induced gravity action ( p.l|) admits the following 
decomposition: 

^JrIr = Ar[/i,/i,0] + r[^] + r[/i]. (2.38) 

In section 4 the above results for ordinary gravity will be generalized to the case of 
W gravity, simply by replacing Sl{2, H) by some other real, non-compact Lie group. 



We have kept our notation quite general so that ( p.31|) is in fact already the correct 
formula for general W gravity; one only has to choose some G and some A and then the 
Fourier transform of (|2.31|) gives the local counterterm which covariantizes the product 



of the chiral wave-function for general W gravity times its partner of opposite chirality. 
Before we end this section we will make a few more comments on the partition function 
of covariant induced gravity. 



2.6. The Partition Function of Covariant Induced Gravity 

In the previous subsection we already argued that the partition for covariant in- 
duced gravity could be seen as the norm squared of the chiral wave- function "^[fj] = 
exp(—r [//]), which is a solution of the chiral Virasoro Ward identity, when one takes 
a suitable definition for the inner-product (p.28|) . Equivalently, the partition function 



could be written as the modulus squared of the Fourier transformed wave-function 
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T[T] = exp(— r[T]), again for some suitable definition of the inner-product (|2.29|) . In 
both cases this choice of the inner-product is such that 

Zgra. = I ^^^'""^"^^ exp(-^,„,(Fields)), (2.39) 

J (gauge vol) 

where we have to divide by the volume of the diffeomorphism group. Now looking back 
at the case where our fields were T, T, G, we find that the partition function can be 
written as: 

^^- = / ulT^l ^i'^^ - 1)^(^^ - 1) exp(-fc^_(^Gr^)), (2.40) 

J (^gauge voij 

where J^ = g~^dg-, J = g~^dg and now (gauge vol) denotes the volume of the symmetry 
group of the left, right constrained WZW model. Note that due to the delta functions 
in (|2.40|) this symmetry group is not simply GxG. What we do have is invariance under 
g^gB^, G -^ {B~)^^GB~^, ^ —> (^i?^, where 5^(5"^) is the Borel subgroup of lower 
(upper) triangular matrices, since these transformations do not alter the arguments of 
the delta functions. Using this B~ invariance in the left sector and the B~^ invariance 
in the right sector we can bring f^ in the form such that g^^dg = A + W, and similarly, 
bring g in the form such that g'^dg = A + W. Once this is done ( |2.4CI| ) reduces toQ. 

/DTDGDT 
expi-SUT, T, G)). (2.41) 
(gauge vol) 



The residual gauge invariances of ( |2.41|) are those which leave the form oi g ^dg and 



g~^dg invariant, and as we know from section 2.2 these are just the diffeomorphisms, 
represented as (? — > gX{e) and g -^ gX{l). So altogether we have shown that ( p.40| ) 
indeed gives the partition function for covariant gravity. 

On the other hand, ( p.40|) can also be trivially computed to be 



Zgra. = JoGexpi-kS-^JG)) = Z^,^. (2.42) 

So we come to the remarkable conclusion that, at least in the large k limit, the partition 
function for covariant induced gravity equals the partition function of the 5/(2,11) 
WZW model. 



^Again we neglect a Jacobian in going from g to T, which now equals det(9^ + 2Td + dT) — 
exp(— 2r[T]). As before, this contribution can be discarded in the large k limit. 
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This equivalence could have been anticipated from our previous work |£6l, see also 
||25|| , in which the covariant action was constructed from Chern-Simons theory. In 
this theory one works with wave-functionals \E' satisfying the Gauss law constraint 
F{A^, A^)* = 0. Here A^, A^ obey the Poisson brackets: {A|(z), A^(w)} = ^7]''^5{z- 
w). The precise form of the wave-functional \E' depends on which 'polarization' we 
choose. By this we mean that we have to divide the set (A^, A") into two subsets. One 
subset will contain fields Xi and the other will consist of derivatives jy'. For instance if 
one works in the so called 'standard' polarization, in which the A'^ label the fields and 
correspondingly the A" are represented as derivatives w.r.t. these fields, the solution 
to the Gauss law constraint is given by "^[Az] = exp{—kS~z^{g)), with A^ = g~^dg, a 
result already mentioned in section 2.1. 

Furthermore, in Chern-Simons theory there is a natural inner-product for the wave- 
functional ^ given by: 

/D A D A- r 
^exp(A / SzTi{AzA,))m[AmM. (2-43) 
(gauge vol) ^'^7 

where we divide by the volume of the gauge group. Using '^[A^] = exp{—kS:^z^{g)), 
with Az = g~^dg, this inner-product can be worked out as (see also [p7[|): 

(^1^) = JDGexpi-kS-zJG)) = Z^z^, (2.44) 

where we once more invoked the Polyakov-Wiegman formula, to change variables from 
g,g to G = gg~^. The point is now that instead of the standard polarization one 
can choose a different 'mixed' polarization in which the fields are taken from both the 
A'^ and the A". In [^ we showed that such a non-standard polarization can lead to 
the situation in which the Gauss law constraint for the wave-functional reduces to the 
Virasoro Ward identity ( p.l4|) , and in which the above inner-product (|2.43|) reduces 



to the inner- product defined in the previous subsection ( p.28| ). This then gives the 
equivalence of the partition functions for covariant gravity and Sl{2, IR) WZW theory. 
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3. Review of W algebras 

In section 2.2, we saw how imposing constraints on an Sl{2, H) connection Az 
naturally led to the Virasoro algebra ( p.l4| ). This algebra basically arose, because the 
constraints enabled us to solve some of the zero- curvature equations (|2.12|) explicitly. In 
this section we will describe a generalization of this procedure, leading to W algebras as 
a generalization of the Virasoro algebra. The relation between zero-curvature equations 
and W algebras has been worked out for the W^ algebras in [^ . A different approach 
is to use Hamiltonian reduction to construct W algebras [^ 0, |2^, |2^ . 

The main new result of this section is the introduction of an operator L that enables 
us to write down many explicit expressions, e.g. ( p. 91) for A^, and that will play a 
prominent role in section 5 where we discuss global aspects of W algebras. The 
W algebras discussed here all result from embeddings of s/2 in a Lie-algebra g. We 
believe that the reason for the occurrence of these s/2 algebras is that they describe 
the identification of s/2 rotations in the tangent space to the two-dimensional world- 
sheet with certain gauge transformations, a picture first advocated by Polyakov who 
called this procedure 'soldering' 0. Generic W algebras from s/2 embeddings were 
first studied in |]T7|. For a more detailed account of W algebras, see [^]. 

Starting with a non-compact semisimple real Lie-algebra g, we would like to impose 
some set of constraints on Az in order to find an interesting constrained algebra. How- 
ever, such constraints will not in general enable us to solve part of the zero-curvature 
equations, or enable us to solve them only at the cost of introducing infinite power 
series or negative powers of components of Az, and this is certainly not what one 
wants. To avoid this, one has to choose these constraints in a special way. To avoid 
the presence of denominators containing components of Az or A^, it would be nice if 
the zero-curvature equations that one wants to solve at each instant were of the form 

linear combination of certain components of Ag = 
function of Az and the remaining components of A^. (3-1) 

Clearly, in this case one only would have to solve some linear set of equations for 
the components of A^ each time, thereby avoiding unpleasant denominators. The only 
way linear combinations of components of Ag can enter the zero-curvature equations, is 
when part of Az is constant. Let us therefore try to impose the constraint Az = A + W, 
where A denotes a constant element of gc and W contains the fields that will generate 



the constrained algebra in the end. In this case we can write ( 2.12 ) in the form 



- adA(A,) = dA, -dW+ [W, A,]. (3.2) 

The right hand side of this equation will, in general, contain the same components of A^ 
as the left hand side, even when we restrict our attention to only a few components of 
this zero-curvature equation. The occurrence of such equations can be prevented if the 
Lie algebra comes with a gradation. Recall that a gradation is a decomposition of the 
Lie algebra as g = 0ag/ go, where / is a finite set of real numbers (go = {0} for a ^ I) 
and [ga,g/3] C ga+i3- An arbitrary element X G g can be decomposed as X = J2i^i 
with Xi G go-, Xi 7^ 0. Let maxdeg(X) denote max, a^ and mindeg(X) = minjaj. 



If mindeg(A) > and mindeg(A) > m.axdeg{W), then the left hand side of (|3.2| ) will 
only contain components of A^ of lower degree than the components of A^ occurring 
on the right hand side of ( p.2| ). In this case we can express components of A^ in terms 
of components of higher degree. Therefore, many of the components of A^ can be 
expressed in terms of others if we first solve the zero- curvature equations of highest 
degree, and then take equations of lower and lower degree. Clearly, the left hand side 
of ( |3.2| ) does not change if we add an element of ker(adA) to A^. Therefore, once 
we fix the part of A^ that is annihilated by adA, the remaining part of A^ can be 
expressed in terms of these independent variables. In the case of the Virasoro algebra 
this independent component is /i. 

The bilinear product on g is given by the Killing form {X, Y) = Tr(adxady) = 
2^tr(adxady), normalized such that the longest roots of g have length squared two: h 
is the dual Coxeter number and Tr represents the 'ordinary' trace. The Lie algebra g 
has a natural involution, the Cartan involution, which we will denote by f, and satisfies 
(X, X''") > 0. In the case of sl^ this corresponds to taking the transpose of a matrix 
in the fundamental representation. In general, if we decompose the Lie algebra as 
g = k © p, where k is the maximal compact subalgebra of g, the Cartan involution is 
— 1 on k and +1 on p. 



If we restrict the zero-curvature equation (|3.2| ) to the complement of im(adA) in g, 
then the left hand side of ( p. 21) vanishes, and the equations that remain are analogous 
to ( |2.14| ). These equations are the Ward identities of the constrained algebra, and 
at the same time provide the Poisson brackets. To get a good constrained algebra, 
the independent components in A2 must be in one-to-one correspondence with the 
components of W. The correspondence is that a gauge transformation with parameter 
Az should generate the same transformations as the 'charge' Q = J dz{W, Ag) generates 
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with respect to the Poisson bracket. Therefore, an independent component r7i(z, z)X 
of Az corresponds to the component {X, W) of W. The independent components of 
Az span ker(adA), and this imphes that for a proper one-to-one correspondence with 
components of W we need 

(ker(adA)(g))"^0giy = g, dim(gvy) = dim(ker(adA)(g)), (3.3) 

where gw is the subspace of g spanned by W as we let its independent components 
vary. The zero-curvature equation ( p.2|) consists of precisely two pieces: if we write 
F = Fi + F2, with Fi G im(adA)(g) and F2 G gw, then Fi = are the equations that 
can be used to express A^ in terms of a set of independent components, that are in one- 
to-one correspondence with ker(adA), and F2 = are the equations that provide the 
Poisson brackets of the constrained algebra. The decomposition of the zero-curvature 
equations in two pieces requires im(adA) © gw = g, and consistency of this equation 
with ( |3.3| ) gives an extra constraint on A, namely 

ker(adA)(g)^0im(adA)(g) = g. (3.4) 

We expect that if this condition is satisfied, one will get a good constrained algebra. 
This algebra does not necessarily contain the Virasoro algebra. This will only be the 
case if the constraints are compatible with conformal invariance, which will impose 
extra conditions on the choice of A. The connection A^ transforms as a spin 1 field 
under co-ordinate transformations, whereas a constant like A transforms as a spin 
fields. Therefore one cannot just put A^ equal to A -|- W. The only way to get things 
right is to change the conformal weight of A^ so that A will have spin 0. Changing 
the conformal weight of A^ is in one-to-one correspondence with adding improvement 
terms to the Sugawara energy-momentum tensor of the type —Ti^HodJ), where Hq 
is an arbitrary element of the Cartan subalgebra of g. These define, in turn, just a 
gradation of g, where the decomposition g = 0^, g^ is precisely the decomposition of g 
in eigenspaces of a-d-Ho ■ Such an improvement term will therefore change the conformal 
weight of Xq, G go, from 1 to 1 — a. This shows that we need a gradation of g such 
that A will be homogeneous of degree 1. If we write 

n 

W = J2W'iz,z)X„ (3.5) 

where Xi G ga-, then W^{z,z) will have weight Si = 1 — ctj. Let us summarize the 
conditions we have obtained so far, so as to obtain a proper constrained algebra: 
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A is constant and homogeneous of degree one with respect to some gradation of 

ker(adA)^0im(adA) = g. 

gi^ 0im(adA) = g, and dim{gw n ga) = dim(ker(adA) n g_c.)- 

min{sj} > 0, so that 1 = deg(A) > maxdeg(iy). 



The third condition guarantees that W admits a decomposition of the type 
At this stage we can aheady derive a general relation between the spins {si} of the 
constrained algebra, and the dimension of g. Let Ua = dim(ker(adA) H ga), m^ = 
dim(im(adA) Hgo,) and da = dim(gQ,). The fact that A is homogeneous of degree 1 gives 
the relation da = na + ma+i, and ( p.4|) implies da = na + m^a- Subtracting these two 
identities gives nia+i = m_a. An immediate consequence is that I]a(2a + l)m_a = 0, 
as (2a; + 1) is odd under —a — > a + 1. Furthermore deg(X) = — deg(X^) implies 
da = d-ai so that X^a (^da = 0. Combining all this we have 

J2i2si-1) = 5]n_,(l-2a)=5]n«(l + 2a) = ^K + m_„)(l + 2a) 

i a a a 

= '^da = dim g. (3.6) 

a 

This hints at the existence of an underlying s/2 structure, as the dimension of a spin 
(s — 1) representation is precisely (2s — 1). Equation ( ^.61 ) would follow trivially if we 
would have decomposed g with respect to some s/2 subalgebra. Later we will see how 
this s/2 structure emerges, once we require that the constrained algebra contains the 
Virasoro algebra. 

The choice of W is severely restricted by the third of the four conditions men- 
tioned above. Although the subspace gw C g has to fulfill the above criteria, one can 
still choose different gw Different choices of gw will not affect the weight spectrum 
{sj}, but will correspond to basis transformations of the constrained algebra. Dif- 
ferent choices of gw are in the literature known as different Drinfeld-Sokolov gauges. 
One particular simple choice is the 'highest weight gauge', corresponding to choosing 
gw = ker(adA-), for a particular A~ that we will define later. In this gauge all the 
fields W^lz, z) will automatically be primary with respect to the Virasoro subalgebra. 
However, in some cases it is advantageous to choose a different gauge, for instance one 



in which the non-linear algebra formed by the W^ is manifestly quadratic |2^, |2^. In 
26| this quadratic form was necessary to be able to obtain a covariant action for Wn 



gravity from Chern-Simons theory. 
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Given such a choice of subspace gw, it will turn out to be very convenient to 
introduce an operator L which plays the role of the inverse of adA- More precisely, let 
giy^ be the orthocomplement oi gw in g, then adA defines an invertible linear operator 
from giy"*" — > iSw^V- Let L be the inverse of this operator, extended by to a linear 
operator g — > g. Let us also introduce a set of projection operators in the Lie algebra 
g, called LIj, 11^, n| and n[, being the orthogonal projections in g onto the subspaces 
iSw^y, Sw\ Sw^ and gw respectively. The subscripts i and k refer to image and 
kernel, as e.g. LIj is almost the projection onto the image of adA. However, as we allow 
for other than the highest weight gauges, one should keep in mind that LIj need not be 
exactly equivalent to the projection onto the image of adA- 

Using the operator L, it is possible to derive an expression for Az where we express 
it in terms of its independent components. If we apply LIj to (|3.2D we find 



- Hj o adA^j = edU,A, + eUi[W, A,], (3.7) 

where we introduced a 'small' parameter e. We will solve this equation perturbatively 
in e and later put e = 1 (and see if that makes sense). To lowest order in e, the right 
hand side vanishes and A^ = F, where F is an arbitrary element of ker adA. The first 
order term of A^ satisfies the equation 

- Hj o adA4^^ = dUiF + Ui[W, F]. (3.8) 

By definition, L o LIj = L, and therefore this equation is solved hy A^ = —L(dF + 
[W, F]). Proceeding with higher orders we find in precisely the same way that A2 = 
—L{d + adw)iAz ). This shows that 

"^^ = 1 + eL{d + e.dw/- ^^-^^ 

The operator L{d + adw) always lowers the degree, as L has degree —1, d has degree 0, 
and W consists of elements of degree less than one only. This implies that this operator 
is nilpotent, and that it makes perfect sense to put e = 1 in ( |3.9| ). The independent 
components of A^ are given by an arbitrary element F of ker adA. 

This enables us to extract the Poisson brackets for the constrained algebra. In the 
same way as we did in the beginning of this section for the Virasoro algebra, we replace 
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dW in the zero-curvature equation by SpW, and we get 

SpW = {d + adA + adw)-—r7^--r^F. (3.10) 

1 + L{o + adw) 

Restricting this to a component W\z,z) of W, we find an expression for dpW'^, and 
the Poisson brackets can then be read of from the identity 



5fW' 



^jdzQ{z),W\w)^^^, (3.11) 



where Q satisfies 5Q/5W = F. 

We still have not answered the question whether or not this algebra contains a 
Virasoro algebra. This is most easily studied in the highest weight gauge, so we take 
gw = keradA-, where A~ is yet to be specified. A natural candidate for the spin 2 
energy-momentum tensor is given by the Sugawara-like expression 

T = l{A + W,A + W)-{p,dW), (3.12) 

where p E n|.i/, with H the Cartan subalgebra of g, represents an arbitrary 'improve- 
ment' term. To compute the Poisson bracket of T with an arbitrary field W^, we have to 
compute ( |3.1CI| ) with F chosen in such a way that it generates small T-transformations. 
In other words, F must satisfy 



where we used that (ly, ly) = (11^1^,11^1^). From ( p.l3| ) we read off that we must 



choose F = Ae -|- (IlkW)e + pe' . Our next task is to compute ( p.lO| ) for this F. It turns 
out that the calculations simplify a great deal if we demand that {A, — LA, A~} form 
a sl2 algebra, i.e. 



A, A-; = 


= -LA 


A, LA = 


= A, 


A", LA = 


= -A" 



(3.14) 

We do not know whether it is possible to identify a Virasoro algebra without making 
these assumptions. If ( p.l4| ) are satisfied, it is clear that we have essentially decomposed 
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g in representations of this s/2 algebra, and kept one field W^ for every representation. 
In the highest weight gauge, one precisely keeps the 'highest weight' of each representa- 
tion, namely the one annihilated by A~. Assuming the validity of (|3.14| ), one can step by 
step compute Ag{F), with F = Ae+{UkW)e + pe': L{d + adw){F) = (LA)e'- (njvr)e, 
{L{d + &dw))'^{F) = (L^A)e" = — A~e", and all higher powers oi L{d + adw) acting on 
F vanish. This shows that 

A,{F) = Ae + iUkW)e + pe' + (njiy)e - (LA)e' + {L^A)e" 

= Ae + We + pe' -{LA)e' + {L^A)e". (3.15) 

Substituting this in the expression for 6fW gives 

S^W = -A-e'" + pe" + {W -{p- LA, W])e' + We. (3.16) 

This implies that T indeed generates a Virasoro algebra with nontrivial central exten- 
sion, and that all other W^ are primary with respect to this energy-momentum tensor, 
with conformal weight given by 1 — eigenvalue (p — LA). An exception form the IV* that 
live in the Cartan subalgebra of g, as they in general will have a background charge 
with respect to T, determined by the choice of p. Only if p = will this background 
charge vanishes, and will the W^ that live in the Cartan subalgebra really have con- 
formal weight one. We also see that the gradation of the Lie algebra that gives the 
right conformal weight assignments, is given by the element Hq = p — LA of the Cartan 
subalgebra. Because [-^o, A] = A, A is indeed homogeneous of degree one with respect 
to this gradation. 

As for the central charges of these algebras, they are fixed to a particular value. 
Arbitrary central charges can easily be obtained by imposing precisely the same con- 
straints on kAz instead of A^. This is equivalent to imposing the constraints on the 
currents of a level-fc Kac-Moody algebra. The new Poisson brackets can be obtained 
from the ones we have constructed so far by rescaling 11^ -^ W/k, T -^ T/k, A -^ A/k, 
A^ -^ kA~ and L -^ kL. After rescaling ( p.l2| ) and ( p.l6|) one can easily extract the 
central charge for the W algebra, it is given by 

c= -12(A,A-)A;. (3.17) 

Note that to obtain the usual W^ algebra, one starts with g = SL^ and usually 
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(3.18) 



which can be compactly notated as A = J2iJi ^i,i+i^ where ejj- is the matrix which has 
a one on its i*^ row and its j*^ column and is zero everywhere else. An easy computation 

i)ej+i,i. The corresponding s/2- 
Plugging this A and 



shows that (|3l4D is satisfied, if A" = i Y.fji^ i{N 



embedding is a special case of a 'principal' s/2 embedding 
A" back into ( gT^ ) gives c= -k{N^ - N). 

So far we have imposed several constraints in order that the constrained algebra 
will have certain desired properties. If we omit some of these constraints, one may still 
end up with a good algebra, although it will not necessarily have all the properties 
described above. For instance, if we do not require the existence of an s/2 subalgebra, 
the constrained algebra is still ok, but it need not have a Virasoro subalgebra. In other 
cases one can impose new constraints on the W algebras and reduce them even further, 
as e.g. in 0. We will in this paper not concern us with such types of algebras, and 
focus our attention only on those that can be obtained from a s/2 embedding, although 
some of the results may also be applicable to more exotic cases. On the other hand, 
if a VT algebra contains the Virasoro algebra it automatically has some kind of s/2 
structure H, so that this restriction does not seem to be very severe. 



4. The Action of Chiral and Covariant W Gravity 

In the previous section we explained how general (classical) W algebras can be 
obtained by considering constrained gauge fields A^ = A + W ., where A and W obey 
certain criteria. Given a proper choice for gpi/ = n|,g, we showed that the solution A^ 
of the zero-curvature condition F{Az., A^) = is given by 



A, 



l + L(a + adM/) 



F{^ii), 



(4.1) 
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where F{fii) is an element of the kernel of adA. Here the fii are the parameters of 
the W algebra dual to the fields Wi. They are the generalization of the Beltrami 
differential /i which appeared for the case of ordinary gravity. To be more precise, the 
zero-curvature condition for the constrained gauge field A^ splits into two parts: if we 
write F = Fi + F2, with Fi G Ilig and F2 G fl^g, then Fi = are the equations leading 
to ( |4.1| ) and F2 = are the equations which encode the generalized W transformations 

SM = DAMi^)), (4.2) 



where X{e) is ([4.1|) with the /ij in F replaced by e^. In this section we will consider the 
chiral and covariant action for these generalized W algebras. 



4.1. The Chiral Action for General W Gravity 

In the spirit of section 2 the induced action for general W gravity can be defined 



as: 

exp( 



-rN) = Up-^Jd'z Y^f^^wrA , (4.3) 



where the W^""^ satisfy the operator product expansions of the generalized W algebra. 
These operator product expansions give differential equations for the chiral induced 
action T[fj,i], as we explained in detail in section 2. Since these differential equations can 
be obtained from the zero-curvature condition for a constrained gauge field, and since 
the solution to this zero-curvature condition is given by the WZW functional, we have 
as before that r[iyj], the Fourier transformed of r[/ij], is given by T[Wi] = —kS^^^{g), 
where g is restricted such that g~^dg = A + W , and k is related to the matter central 
charge via Cm ~ — 12(A, A^)A; as shown in section 3. Repeating calculation ( p.l9| ) of 
section 2.3, we compute r[/ij] from this by Fourier transformation: 

exp(-r[^,]) = j DW,eM-nWi]- ^ j (fzl:T{WF{^^i))) 

= J Dh6{u,{F{^^,) - fJ,f-'))exp{-kS:,,Jh)), (4.4) 

where J^ = h^^dh and / = exp(— zA). We thus find that the correlation functions 
of chiral W gravity can be obtained from WZW theory, if one identifies the /ij with 
Kac-Moody currents in the way dictated by the delta- function in ( [4.4|) . 

Taking the large k limit of ( [4.4|) we find (using the results of Appendix A) that 
r[yUj] = kS^^^{hf), where h is such that h~^dh is given by the r.h.s. of (^4.1|). So 
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the equation of motion for h is such that the pair h ^dh and Az = A + W have 
zero-curvature. 



4.2. The Covariant Action for General W Gravity 

Recall from section 2.5 that in order to find the covariant action for general W 
gravity, we have to construct a local counterterm whose anomalous behavior cancels 
that of the chiral actions. As in the case of ordinary gravity this local counterterm is 
most easily found if we work with the Fourier transformed actions r[lVj] instead of the 
T[fii\. In fact, ( p.31| ), derived in section 2.5 for the case of ordinary gravity, is already 



the correct formula for the local counterterm for general W gravity, once we take the 
appropriate choice for A, W and G. So the local counterterm is given by: 

Ar[Wi,W\G] = ^ I £zTi{{K + W)G-^dG)-^ I (fzTi{{k + W)dGG-^) 

+A j dh Tr((A + W)G{A + W)G-') - kS-,JG). (4.5) 

Notice the close resemblance of this expression with the action for a gauged WZW 
theory |^. In fact, apart from a term ^ / (Pz Tr((A + W){A + W)), it is precisely the 
action for a gauged WZW theory, where the gauge fields are of a particular restricted 
form, such that one does not gauge a subgroup, but one actually gauges the W algebra. 
An important difference, however, is that the covariant action is invariant under both 
left and right W transformations, whereas the gauged WZW model only is invariant 
under left and right gauge transformations simultaneously. 

The local counterterm Ar[/ij,/ij, G] can now be obtained from ( [4. 51 ) by Fourier 
transformation with respect to /ii,/ij. As said before this Fourier transformation is 
simple and exact to do, since the W fields appear algebraically and at most quadratic 
in ( ^.5| ). One easily verifies that the saddle-point equations for the W fields are: 

I[k{dGG-'-GiA + W)G-^ + F{i2i)) = 0, 

uUG-^dG + G-\A + W)G-F{fii)) = 0. (4.6) 



Unfortunately, there is no general formula for the solutions of these saddle-point equa- 
tions which is valid for all generalized W algebras. We can give a general formula for 
the case of the standard W^- algebras, valid for all A^, but for the non-standard W 



algebras the solutions to (|4.6| ) should be determined for each case separately. 
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For standard Wn we take Sl{N, H) as our gauge group, and we constrain the gauge 



field as follows p3|: 



A, = A + W 
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(4.7) 



■ VTa / 
A^ — 1, where e. 



Note that H^g is spanned by {cj^at}, for i = 1, ... ,A^ — 1, where Cjj is the matrix 
which has a 1 on its i^^ row and its j*^ column and is zero everywhere else. F{^i) 
can be conveniently parametrized by F(ni) = Y^^=2 l^i^^^^ ■ I^ ^^is case G admits a 
decomposition in terms of three subgroups: G = Ii\GI\.yGIlkG , which in terms of 
matrices looks like 
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(4.8) 



and which is crucial to be able to solve the saddle-point equations ([4.6|) . One finds 

W = (n,G) nl (F(/i,) - A^) {UyG)-\ 

W = {UyG)-'Uk{F{fi,)-A'') (UyG), (4.9) 

where A*^ = G~^AG + G~^dG and a similar definition for A*^. Substituting this solution 
for the W fields back into the local counterterm gives: 

AT[ni,fii,G] = ^ I (fzTi{kGkG~^) + ^ j (fzTi{XG-^dG) - ^ j (fzTi{kdGG-^) 

- ^|rf2^Tr(nfc(F(/i,) - A^)n,GnI,(F(/x,) - A^)n,G-i) - kSZ.^{G). 

(4.10) 

The total covariant action is given by the sum of this local counterterm and the chiral 
action constructed in the previous subsection together with its partner of opposite 
chirality. This covariant action is invariant under the transformations ||26| 

5,G = -X{e)G, 
S^UkFifi,) = Uk{dX{e) + [A,,X{e)]), (4.11) 
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where X{e) is still given by ( |4.1|) , but with the W fields in ( [4 .11) replaced by the 
solutions to the saddle-point equations ([4 .91), and A^ is ([4 .11) with the W fields given 



by Wi = x~5^- These transformations form a Wn algebra by construction. 



5. Global Aspects of W Algebras 

So far we have restricted our attention to W algebras and actions that were defined 
on the complex plane. If we want to answer questions like 'what is the moduli-space of 
W algebras', we have to discuss W algebras on higher genus Riemann surfaces, as on 
the complex plane one can choose globally well-defined co-ordinates, and it is sufficient 
to express everything in terms of these co-ordinates. One need not bother about the 
transformation properties of the different objects one encounters under change of co- 
ordinates, and generally there are no moduli. In this section we will make a start of the 
study of W algebras on general Riemann surfaces. In previous sections we have seen 
how one can use the formulation of W algebras in terms of zero-curvature equations 
and special gauge-transformations to obtain the chiral and covariant actions for W 
gravity, and we will now also use the same formulation to go to arbitrary Riemann 
surfaces. 

Suppose that we have some G-bundle P over a Riemann surface E, equipped with 
a connection that in certain local complex co-ordinates can be written as A = A^dz + 
Azdz. We want, as before, to impose constraints on A^., and in particular to set certain 
components of A^ equal to some constant value. However, as A^ transforms as a one- 
form under co-ordinate transformations, and not as a function, one cannot impose 
these constraints globally. The same problem already exists on the algebraic level, 
where one wants to put a spin one current equal to a constant, which is not compatible 
with conformal invariance. In the latter case, the problem is resolved by improving 
the energy momentum tensor, which changes the spins of the currents. Luckily this 
'soldering' procedure has a geometrical counterpart, which amounts to twisting a trivial 
G-bundle into a non-trivial one. For the sake of simplicity, we will restrict our attention 
to the case G = Sl{N,<C) in this section, and assume that we are working in a highest 
weight gauge and that the there is no background charge p in ( |3.12D . Let us first 
describe how the twisting works. 



29 



5.1. The Twisted Bundle 

Improving the energy-momentum tensor with a term —Ti{HQdJ) amounts to chang- 
ing the gradation of g from the trivial one into the one determined by Hq. Suppose 
that Hq = diag((ii, . . . , d^) in the fundamental representation of sIn, so that the degree 
of Ea^ is (ij+i — di for each simple root a^. Let K be the holomorphic cotangent bundle 
T^J] of the Riemann surface, and let Eij denote the line bundle K~'^\ i,j = 1 . . . Nf\. 
Given (locally) a section s of the A^^-dimensional vector bundle E = 0f^=i-Ejj, one 
can consider the function det(sjj) : S — i> C, which is well defined because Y^di = 0. 
The sections s with det(s) = 1 are sections of a principal Sl{N,<C) bundle Pc, with 
reduced structure group GL{1,€). This is precisely the twisted bundle we need. To 
see this, consider the adjoint bundle ad(Pc)- This bundle has an alternative descrip- 
tion as sl(y), the bundle of traceless endomorphisms of V, sometimes also denoted by 
Endo(V^), where V is the vector bundle 

V = K-^'^...^K-'^^. (5.1) 

A connection on P^ is locally a one- form with values in ad(Pc)- The dz part of such a 
connection looks like aijdz, where Ojj is an A^ x A^ matrix; aij transforms as a section 
of A' ® hom(i^~'^^. A'"*) ~ K^+'^-j-^i, The improvement term —1i{HQdJ) changes the 
spin of ttij from 1 to 1 + dj — di, and we see that by twisting the principal Sl{N,(C) 
bundle Pc we have achieved the same thing. However, a connection is only locally an 
ad(Pc)-valued one-form, and globally a^j does not transform as a section of K^+<^i-<^\ 
Only the difference between two connections transforms globally in the proper way, 
because such a difference is a global ad(Pc)-valued one-forni[|. This shows that we 
should impose constraints on the difference of two connections, rather than on the 
connection itself. Before discussing the form of such constraints, we will now first 
consider WZW actions for connections on non-trivial bundles, which are necessary to 
write down generalizations of the actions we have considered so far. 



5.2. Generalized WZW Action 

In section 2 we saw that the WZW action arises as the induced action for a gauge 



*for noninteger di one has to choose some appropriate root oi K, the precise choice is not important 
here. 

'''The space of connections is an affine space modeled on the vector space ^2^(11; ad(Pc))- 
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field coupled to some matter system. In this section we will take a specific matter 

system system, namely we will study a gauge field coupled to a chiral fermion ip. This 

1 
if) transform as a section oiV ® (K) 2 , and Az is part of a connection of Pc. The action 

Siij, Az) = lj d^z Tr (i,\d + Az)i,) (5.2) 

is gauge invariant under ip'^ —^ ip'^h, ip -^ h'^ip, and A -^ h^^Ah + h~^dh. The two- 
point function G{Az; z,w) = {ip{z)ip'^{w)) satisfies {d + Az{z))G{Az; z,w) = 7i6{z — w). 
From this one finds the following rule for the change of G under a gauge transformation 
h: G{A^; z, w) = h{z)~^G{Az; z, w)h{w). For z ^> w G behaves as 

G ~ + Xz{z) — Aziz)- + terms that vanish as z -^ w. (5.3) 

z — w z — w 

Under the gauge transformation Az -^ A^ = h^^dh + h~^Azh we find, by expanding 
h{w) = h{z) + {z — w)dh{z) + {z — w)dh{z) + . . ., that Xz — * h^^Xzh + h^^dh, i.e.Xz 
transforms as a connection. Furthermore, if locally A^ = we know that G is exactly 
given by l/{z — w). Combining these facts we deduce that the curvature of the connec- 
tion one-form Azdz + Xzdz must vanish. To express this fact in terms of the current Jj, 
we must first define what we mean by Jg. The naive definition Jz = lim^^^, G{Az; z, w) 
does not work, due to the singularity of G as 2; — > w. This means we have to regularize 
Jz, and a standard way of doing this is by using point splitting regularization: one 
defines Jz = limz^w{G{Az; z,w) — Gq^Az] z,w)) where Gq is some function that has 
the same singular behavior as G. This means that 

1 Z — 11) 

Gq ~ + B'^(z) — Az(z)- + terms that vanish as z —^ w. (5.4) 

z — w z — w 

Here, B^{z) is some fixed field that transforms as the dz-part of a connection. Unfortu- 
nately, one cannot just take 5° equal to zero, because zero is not a globally well-defined 
connection. The current Jz is 

J-z = x-z - Bl (5.5) 

and the Ward-identity (expressing the fact that the current Jz is not conserved) reads 

DAj-z = dAz + DA^Bl (5.6) 
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This identity should come from some kind of generahzed WZW action. The WZW 
action S^zwio) (|A.1| ) is really a functional on the space of gauge transformations, and 
on the complex plane this space is isomorphic to maps from the plane to G. The terms 
g~^dg in the WZW action are just 0^, where is the trivial connection on the complex 
plane, and the superscript g refers as usual to a gauge transformation. Even on the 
complex plane one sees that the WZW action is not invariant if one chooses a different 
trivialization of the (trivial) bundle Pc- If one chooses a different trivialization, related 
to the first one via a gauge transformation h, then 0^ -^ (0^)^ ^^^ because g transforms 
as a section of the adjoint bundle Ad(Pc)Q- However, (O^)'^ ^^ = {gh)~^d{gh), and as 
is well known, S^zwigh) ^ Swzwig)- As the WZW action should not depend on the 
choice of trivialization of P^^ there is something wrong with the identification of g^^dg 
with 0^. Actually, there is another possibility, which turns out to be the right one, 
namely to identify g^^dg with 0^ — 0. Under a change of trivialization 

0^ - ^ (O'^)'*"'^'^ - (O'*) = h-\03 - 0)h, (5.7) 

and the WZW action is invariant, because the h and h~^ cancel each other inside the 
traces in the WZW action. 

If Pc is a non-trivial bundle, one cannot take as a well-defined connection, and it 
must be replaced by some other, fixed connection B = B^dz + B^dz. It turns out that 
we must require B to be flat. As A^ is identified with g~^dg, we must replace g~^dg by 
a function A^iAz) determined by requiring the curvature of the connection one- form 
A{Az) = A^dz + Azdz to vanish. This leads to the following definition of the WZW 
action 



kS: 



XA; B) = l f Tr((A - 5°) A *(^ " B')) -^ [ Tr(i - 5°)^ (5.^ 

J 2-1 <J A'l 



where dM = E, and A, B^ denote flat extensions of A, B^ on a bundle Pc on B that 
restricts to Pc on T,. The * is the Hodge star on the Riemann surface S, where we 
assume that some metric compatible with the complex structure on S is given. That 
an extension Pc of Pc exists can be seen as follows ||3^ : it is sufficient to construct a 
complex vector bundle V over B, that extends V { f).l\) . The vector bundle V is the 
pull-back of a universal vector bundle over a certain grassmannian Gr. The map we 



■'^ Ad (Pc) is defined as {Pc x G)/G, where one the G- action on Pc x G is given by the standard left 
action on Pc and by the adjoint action on G. 
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use to pull back this universal vector bundle maps S into an element of the second 
homology of the grassmannian, and it is precisely this element of H2{Gr) that gives 
the obstruction to construct an extension V. Because this element is essentially the 
first Chern class of V, and the first Chern class of V vanishes, we know S maps to 
zero in H2{Gr) and an extension V indeed exists. It may seem surprising that one 
needs an additional connection B to write down the WZW action, but this is necessary 
if one wants to write down an action for chiral fermions only. It also appears when 
considering determinant bundles associated to operators such as Da^ [0- 

Let us demonstrate that ( p. 81 ) indeed satisfies the Ward-identity (p.b\), if we identify 
the two -Bj's with each other. Consider a small variation A ^ A + 6 A. From the zero- 
curvature equation dA + A A A = we find d6A + A A 6 A + 6 A A A = 0, with similar 
equations for A. Using this we compute 

STT{A-By = 3Tr{SAA{A-B^)A{A-B^)) 

= 3Tr(i A 6A A {A - B^) + 6A A A A {A ~ 5°) - 

5i A i A i + (55° A 5° A 5°) 
= 3TT{~d{6A) A {A- 5°) +6AA {dA - dB^)) 
= ~3TT{d{6AA{A-B^))). (5.9) 

This gives for the total variation of the WZW action 
kSS-,^{A,;B') = A jT Tr(MA(l + *)(A-i?0)) = I j^d'z Tr(M,(A-EO),), (5.10) 



because (1 ± *)/2 are precisely the operators that define the complex structure. This 
shows that this action indeed solves the Ward-identity (|5.6|) with J^ = 2ti — "|™^ ^ , if 
we identify the i?°'s with each other. 

Having defined a generalized WZW action, it is interesting to see whether this 
action shares some of the properties of the ordinary WZW action. Using a calculation 
similar as ( |5.9| ) , one can verify the following version of the Polyakov- Wiegmann formula 



kS-,^{A- B) = kS-,^{A- C) + kS-,^{C- B) + lj^ d'z Tr((A - C).{C - B),), (5.11) 

from which the usual Polyakov- Wiegmann formula follows by putting A = {gh)^^d{gh), 
C = h^^dh and i? = for a trivial bundle Pc- Another issue is whether Su,zw{A] B) 
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depends on the choice of extension A and B. Choosing a different extension will change 
the action by a term -^ /^ Tt{A — B)^, where now T, C B and dB = 0. Let U denote 
the space of fiat connections A on such a B such that A \j]= A, and consider the 
function r^ : W ^ C given by rj^(A) = -^ /Tr(/1 — B)^. From the identity 

Tr((i - Bf + {B- Cf + iC- Af) = 3Tr(rf((i - B) A {B - C))) (5.12) 

it follows that rj^{A) + r^{B) = r^{A). This implies that rj^{A + 6A) — r^{A) is of 
third order in 6 A, and therefore that r^ is locally constant on U, i.e. r^ descends to a 
map vro(W) -^ C We see that the WZW action is invariant under a continuous change 
of the choice of extension. To find out whether or not k is quantized is not very easy as 
it requires knowledge of tto{U). However, in the case that U/Q is connected, where Q is 
the space of gauge transformations acting on U, one can say a little bit more, using the 
fact that is this case all connected components of U can be reached from a fixed one 
using gauge transformations. To do this, one has to take a slightly different look at the 
function r^. For any group G one can write down an element of H^{G) by extending 
the three-form ij{X, Y, Z) = -^Ti^XlY, Z]) on the Lie algebra of G all over the group 
G. One can choose k such that uj defines actually an (possibly trivial) element of 
H^{G,^). This three-form is invariant under the adjoint action of G, and therefore 
defines an element of a) G H^{Ad{Pc), Z) which restricts to uj on each fiber. A simple 
computation now shows that rj^{B^) = J^g*uj, which is an integer, because g*oj is an 
element of integral cohomology and evaluating such an element on a three manifold 
without boundary always gives an integer. We conclude that k must sometimes be 
restricted to those values for which uj is an element of integral cohomology (so that 
upon quantizing the model everything is independent of the choice of extension), but 
if for instance cj = in H^{Ad{Pc), Z) for a k ^ 0, k can be taken arbitrarily. 



5.3. W Algebras on arbitrary S 

In section 3 we saw how W algebras can be constructed by imposing the constraint 
Az = A + W^ on the connection one-form Az. On a general surface these constraints can 
only be imposed locally; when relating different co-ordinate patches, the connection 
one-form transforms as Az -^ ^{h~^ Az'h + h^^dz'h), which does not preserve the 
constraint Az = A + W. However, due to the special structure of the bundles for which 
Az is a connection, one can always choose a trivialization such that /i is a diagonal 
matrix. For these gauge transformations, the special form of Az is preserved up to the 
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term -^h'^dz'h. We can get rid of this term by imposing the constraints on A^ — B^ 
instead of A^, where Bz is some fixed connection, in the same spirit as we did in 
the previous paragraphs. Now the constraints are preserved: A was homogeneous of 
degree one with respect to the gradation of g and does not transform when going 
from one co-ordinate patch to another, while the components of W transform as fields 
of certain spins that are also determined by the gradation. A natural choice for B 
is the connection V = V^ + Vj that comes directly from the Levi-Civita connection 
associated to a fixed metric on the Riemann surface. Let us consider what happens in 
this case, and impose the constraint 

Da^=Vz + A + W. (5.13) 

We can now repeat the same steps as those that lead to (|3.9|). An important difference 



is that Vz and Vs need not commute with each other, and the answer contains the 
curvature Rzz = [V^, V^]. Besides this, nothing new happens and one finds that 

1 + L[Vz + advy) 

Since V^ has degree zero, L(V2+advi/) is nilpotent and this expression is well defined. It 
is instructive to work out the zero-curvature equation for the case where G = 5/(2, IR), 
and to impose the same constraints as in section 2 (|2.11|) . In this case the vector bundle 



V in ( p.Vj) isV = K 2 K^'2 . Working in isothermal co-ordinates where ds"^ = pdzdz, 
one finds that 

D.,^0..,h^^^^^ \], ,5.15) 



and from ( ^.14|) that 



D. -r? + ad( Idfx+lixdlogp /i \ , . 

^' "^ ^ ^^ [ fiT - Id^ fi + ldd log p-^difid log p) -Ipdlogp-ldp )■ ^^■'''> 



The remaining zero-curvature equation, which is the generalization of ( p.l4|) , reads 



{d-pd-2{dp))T = -l{d-dlogp)d{d + dlogp)p + ld{dHogp-l{dlogpf), (5.17) 
which can be rewritten as 

{B-pd- 2{dp))T = -^{d^ + 2nd + {dn))p + p7^, (5.18) 
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where we introduced the projective connection TZ = d^logp — |(91ogp)^. This form 
of the Virasoro Ward identity is almost identical to the form of the Virasoro Ward 



identity on arbitrary Riemann surfaces as derived in |^, although there one works 



with an holomorphic projective connection and the last term of ( p.l8| ) is therefore 



absent. The precise form of [31| is recovered if one takes an appropriate regularization 
of the induced action for gravity, see appendix B. The form of the Virasoro Ward- 
identity (|2.14|) on the plane can be recovered by replacing T by T + 71/2, a fact already 



observed in [jT9|. 



Given this construction of W algebras on an arbitrary Riemann surface S, it is 
straightforward to write down W transformations on a Riemann surface, and to con- 
struct the chiral and covariant actions for W gravity; one simply follows the construc- 
tion in sections 1 and 2, and replaces the WZW actions by their generalization ( |5.8| ). 
The choice of 'base point' B^ in ( ^.8|) is not really important, though one should realize 
that one cannot in general take it to be equal to V, because V is not in general flat. 
However, when one constructs the full covariant action, one will see that this expression 
is independent of the choice of base-point B^. As an example of this procedure, we 
will in Appendix B compute the covariant action for gravity once more, but now on an 
arbitrary Riemann surface. 



5.4. The Moduli Space for W Gravity 

The moduh space for W gravity is in principle given by the quotient of the space 
of W Ids by the space of W transformations. In our case the space of W fields is given 
by the set of operators M = {Vz + A + W}. Each operator D' & M defines an anti- 
holomorphic structure on the bundle V ( p.!] ). Such an anti-holomorphic structure is 
determined by defining what the local anti-holomorphic sections of the vector bundle 
are. In the anti-holomorphic structure corresponding to D' these are just the local 
sections s that satisfy D's = 0. The space of anti-holomorphic structures M must be 
divided by the set of W transformations. To do this, introduce the following equivalence 
relation on M: two operators D[, D2 & M are equivalent, D[ ^ D2, ii there is a gauge 
transformation g & Qc relating the two, D'^ = {D'2)^ . The moduli space we are looking 
for is the space M.w = ^1 ~- The transformations that relate two different D' are 
what one might call global W transformations. The infinitesimal transformations of 
this type are precisely the W transformations considered previously. Note that the 
equivalence relation D'^ ~ D2 is not generated by the action of a group on M, as the 
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precise form of the gauge transformation relating two different D' depends explicitly on 
the precise form of these D' . Thus, we cannot view M.\y as the quotient of some space 
by a group action, and this makes the study oi M.w somewhat more difficult. One 
of the things we would in particular like to compute is the dimension of the A^vk; oi' 
equivalently, of its tangent space. If one were to consider the full set of anti-holomorphic 
structures on V modulo gauge transformations, i.e. the space M. = {V^ + Az}/Qc, the 
tangent space T^iM. at D' G A^ is given by the (1, 0)-cohomology of the short complex 

-^ fi°(S; ad(P,)) -^ fii'°(S; ad(P,)) ^ 0. (5.19) 

Here, r2^'^(S; ad(Pc)) denotes the space of (p, g)-forms with values in ad(Pc)- To com- 
pute the tangent space TdiM.-^ for M.w^ we should replace this complex by some kind 
of W complex containing the W transformations. There is an interesting connection 
between the two, which we will now explain. This connection relies heavily on the 
existence of the operator L that was defined as the inverse of adA in section 2. Because 
L is an operator of degree —1, it provides us with an 'integration' operator 

f]i'°(S; ad(P,)) -^ f]°(S; ad(Pj). (5.20) 

As an analogy one might think of the operation of integrating over the n^^ co-ordinate 
in IR*^, which maps p-forms on IR'^ to {p — l)-forms on 1R"~^. This latter operator can 
be used to show that the cohomology of H" is the same as the cohomology of 1R"~^, 
by constructing a so-called homotopy-equivalence between the de Rham complexes for 



IR" and IR" ||3^. Here we can perform a similar construction using the 'integration' 



operator L. Defining the two operators 

fo = l-LoD', f, = l-D'oL, (5.21) 

we can construct the following commutative diagram 

0-^ fiO(S;ad(Pe)) -^ fii'°(S;ad(P,)) -^0 

|/o |/i (5.22) 

0^ /o(fi°(S;ad(P,))) -^ /i(fii'0(S;ad(P,))) ^0 



which gives actually a homotopy equivalence of complexes^, implying that the coho- 
mology of both complexes in ( p.22|) is the same. The next step is to iterate this 

^ Indeed, denoting by / both maps /q and /i , we have 1 — / = Lo D' + D' oL, so that L is precisely 
an homotopy operator as defined in |33]. 
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construction a number of times, until the complex does not change anymore. Let us 
denote the corresponding limit complex, if it exists, by 

^ /o^(fi°(S; ad(P,))) ^ /r(fi''°(S; ad(Pe))) ^ 0. (5.23) 

Using the properties of L one can show that a sufficient condition for the limit complex 
to exist is that the operator L o (/}' — adA) is nilpotent, and that in that case 

/n°° = (1 - L o D')'^ = -^ o Hfc, 

■'" ^ ' l + L(D'-adA) 

/f° = (1 - D' o L)~ = nt o — i — . (5.24) 

■'^ ^ ' ^ l + (D'-adA)L ^ ^ 

Specializing to the case of W algebras, we take D' = V^ + A + 14^ and find, upon 
comparing the limit complex with ( |5.14|) , that the limit complex precisely contains the 
W transformations, and is the W complex we were looking for. To illustrate how this 
works in practice, we take again G = 5/(2, H) as we did in section 5.3. The limit 
complex is reached by applying /o and /i two times. The operator L is given by 

^'■[p- -pO ) = [ pO p+12 ) ' (^-2^) 

and if we represent an arbitrary element of r2''(S; ad(Pc)) by _ g , and an 

element of fi^'°(S; ad(Pc)) by _ g , we find the following diagram, where 7 = 

d log p: 

/ e° e+ \ D' ( a" a+ \ 

l/o [h 

( \de+ + |e+7 e+ \ D' ( \da+ 

I e+T-9e" -|9e+-ie+7i ' i a" - (5 - 7)0° + Ta+ -\da+ 



l/o 1/: 



2' 
1 



/ \de+ + \e+-i e+ \ D' ( 

\e+T-\d^e+-\d{e+^) -\de+-\t+^) ~^ \ a' - {d - ^){a!' + {\d - T)a+) 

Working out the action of D' in the last line we find 

D'( Ide^ + h-"^ ^^ \-( ^ ^\ f5 26) 
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where S^+T = —^{d — ■y)d{d + 7)6"*" + 2de~^T + e^dT which indeed describes the trans- 
formation of T under a co-ordinate transformation. 

Altogether we reach the remarkable conclusion that W transformations are nothing 
but a homotopic contraction of ordinary gauge transformations. Under a homotopy 
equivalence the cohomology does not change, and therefore the Riemann-Roch theorem 
can be applied to the W complex ( |5.23|) to give 



dimH^'^ - dimi7°'° = (^ - 1) dimG = {g - 1)(A^^ - 1). (5.27) 

This is a useful formula which we need to prove the following: for genus (7 > 1, 
Mw = M/ ~= M''°7 ~, where M'^"' = {V^ + A + W \ V^W = 0}. In other words, 
the fields W can always be made holomorphic using a global W transformation. To 
prove this, it is sufficient to show that if we write down an even further reduced complex 
containing D' G M'*°' and only those W transformations that preserve the condition 
D' G M^°\ this complex still has the same cohomology as ( p.23| ). It might happen 



that in this way one misses certain connected components of M.Wi but that is not a 
problem here: M. = M.w is connected, because we are working with bundles of a fixed 
topological type. 

The infinitesimal gauge transformations that preserve the condition VfVT = 0, are 
given by the e satisfying 

Vs(V2 + adA + adi4/)e = 0. (5.28) 

If we choose a metric of constant curvature Rzz = [Vz, V^], then L{Rzz) is proportional 
to the Lie-algebra element A^ that defines a highest weight gauge (|3.14|) . This shows 
that [L{Rzz),W] =0 and 

[V, + A + W, V, - L{Rz-z)] = (5.29) 

for the W that satisfy V2W=0. Note that (|5.29|) gives a solution to the zero-curvature 
equations for these W. The e that satisfy ( p. 281 ) must also be of the form e = (1 -|- 
L(Vz + advy))~^-F with F G fl^g in order to preserve the form of W. If we substitute 
this in ( [5.28[ ) and use the fact that [L{Rzz), SW] = 0, ( |5.28D can be rewritten as 

{V z-L{Rzz)){^z + adA + adw)-—rj=^—r^F = 0^ 

1 + L{\/z + adw) 

{Vz + adA + adw)iVz-L{Rz-z))-————-—F = 0^ 

1 + LiVz + ad^y) 
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(V. + ad„ + ad„,)^^^(^^^^^V.-F = 0. (5.30) 

Locally, VzF can be written as Y,a fa{z)Ga{z), where the fa are linearly independent 
antiholomorphic functions, and the G^ are holomorphic sections with respect to Vj of 
(nfcad(Pc)) ® K. Substituting this in ([OoD yields 

E /-(V. + adA + ad,4.) J G^ = 0. (5.31) 

Because the /„ are linearly independent, each Ga must satisfy (Vz + adA + adviA)(l + 
L(Vz + advy))"^^^ = 0. Locally, there are a finite number of solutions Ga to this 
equation. Globally, such Ga do not exist, as (JIkad{Pc)) <^ K is a direct sum of line 
bundles K^ with r < (upon identifying K with K~^), and these do not have any 
global holomorphic sections. Therefore ( |5.3(J| ) implies that Vf-F = 0. F is a section of 
a direct sum of line bundles K^ with r < 0. These do, for genus g > 1, not have global 
holomorphic sections unless r = 0, in which case the only holomorphic sections are the 
constant ones. The piece of F which transforms as a section of K^ is precisely the piece 
that has degree zero with respect to the gradation of the Lie algebra. Let us denote the 
subalgebra in which this piece of F lives by go = nfcn|,gp[ For a constant F G go the 
parameter e of the gauge transformation is given by e = (1 + L(Vz + ^dwj)~^F = F, 
and the gauge transformation reads 6W = [W,F]. The reduced complex we were 
looking for is 

^ go ^ Td'M''"^ -^ 0. (5.32) 



To show that the cohomology of this complex agrees with that of (|5.23| ) we need only 



compute the difference dim if ^•'^ — dimif°'° of ( p.32| ). In ( |5.32| ) only finite dimensional 
spaces occur, and therefore the index dim H^'^ — dim H^'^ equals dimT/j/M'*"' — dimgo. 
The dimension of M^"'' equals J2i H^^{T,; K^^), where Si are the spins of the different 
components of W. The dimension of ify_(S; K^) equals (2r — l){g~ 1) for r > 1, and 
g for r = 1. Thus we find 

dimii^'°-dim/i°'° = ^ (^ " l)(2si - 1) + E ^ - dimgo 

i,Si>l i,Si=l 

= E(^-l)(2s,,-l) = (^-l)dimG, (5.33) 



^That go is actually a subalgebra is related to the fact that go contains the Kac-Moody symmetries 
that survive the reduction to the W algebra. One can in principle impose further constraints on the 
W algebra so as to get rid of these residual Kac-Moody symmetries B, but we will not do that here. 
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which indeed agrees with ( |5.27 ). In the last hne we used (|3.6|) . Altogether this proves 
that Aiw = M^°y ~, and so we have a simple finite dimensional model of W moduli 
space at our disposal. 

Although the dimensions computed so far strongly hint that W moduli space has 
something to do with the moduli space of Sl{N, lR)-bundles, it is at this stage not 
clear what the precise relation, if it exists, should be. The zero-curvature equations 
associate a fiat connection to all operators D' = V ^ + adA + ad^^, but a priori these 
fiat connections are fiat Sl{N,<C) connections, and it is not easy to see whether they 
can be written as fiat Sl{N, IR) connections using an appropriate gauge transforma- 
tion. The main difficulty is that Sl{N, IR) is a non-compact group, and therefore one 
cannot simply use the Narasimhan-Seshadri theorem [0 (see also [ll|]), which essen- 



tially states that for compact groups the space of anti-holomorphic structures on an 
associated vector bundle modulo complexified gauge transformations is the same as 
the space of fiat connections modulo ordinary gauge transformations. In this theorem, 
the anti-holomorphic structure is required to satisfy a certain condition called stability, 
and this condition is not valid for the special bundles under consideration. 

There exists an extension of the work of Narasimhan-Seshadri where the compact 
group is replaced by the general linear group Gl{N,€). This is the theory of Higgs 
bundles [|^, |l5l , and this seems to be the natural setting for W moduli space. A Higgs 
bundle is a pair consisting of a holomorphic vector bundle V and a holomorphic section 
6 e i?°(S; End{V)®K). In our case we are interested in the situation where V is given 
by (|5.1|), the holomorphic structure is given by the operator V^, the group Gl{N,€) is 
reduced to Sl{N,€) and ^ = A + W, where W is holomorphic. The group Gl{N,€) 
acts in a natural way on Higgs bundles, and one can define a moduli space for Higgs 
bundles by identifying two that are equivalent under a G/(A^, (D)-transformation. To 
obtain a good moduli space one has to impose a condition on the Higgs bundle that is 
also called stability. A Higgs-bundle is called stable if for every holomorphic subbundle 

V C V that satisfies 9(y') C V ^ K, the slope fiiV') of V is smaller than the slope 
yu(l^) of V. The slope is defined as the first Chern class divided by the rank of the 
bundle. 

Let us see whether the Higgs bundle with 9 = A + W is stable. The slope of 

V vanishes, and therefore every subbundle V with 6{V') G V ® K must have a 
negative slope for stability. The s/2-algebra (p.l4|) acts via left multiplication on the 



vector bundle V. Under this action the A^- dimensional representation furnished by 
V decomposes in a direct sum of irreducible s/2-representations, V = 0fliV5, of 
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spin ji, and Vi ~ K'^'^ K'^"^^ ... K^K The slope of each of the Vi is zero, as 
they have vanishing Chern class. A preserves Vi and all subbundles of VJ of the type 
K~^^ 0K^~-'' . . . 0i^-''^* for some t > 0. These all have strictly negative slope, and 
therefore the only problematic subbundles of V are direct sums of the VJ, as these 
are the only holomorphic subbundles preserved by A that have a nonnegative slope. 
The same bundles are also the bundles that might threaten the stability of (V, 6) with 
^ = A + W. Now there is a component of W for every irreducible s/2 representation in 
(0 Vi) ® (0 VJ), except for one overall trivial representation. A component W corre- 
sponding to an irreducible subrepresentation oi Vi ®Vi' mixes between the bundles Vi 
and Vi'. Therefore if sufficiently many of these components are nonzero, no direct sum 
of VJ's will be invariant under A + iy anymore, and all proper holomorphic subbundles, 
if they exist, will have negative slope. 

Another, equivalent way to express this condition is to demand that ker adwiso) = 
0, so that go acts faithfully on M^°'. If we therefore define M^°j = {Vz + A + W \ 
VzW = A keradvi/(go) = 0}, then the quotient space M^°j/go has no singularities, 
and it is naturally a subspace of the moduli space of stable Higgs bundles, of complex 
dimension {g — 1) dim(G). 

The dimension of the moduli space of Higgs bundles is 2{g — l)dim(G'), which 
is twice as large as the dimension of the W moduli space. These correspond to fiat 



irreducible Sl{N,<C) bundles over the Riemann surface S |13, [T^. One might wonder 
which property characterizes the fiat Sl{N,€) connections that correspond to points 
in the W moduli space. For general W algebras we do not know the answer to this 
question, but for the 'standard' W algebras the answer is, that only those fiat Sl{N,€) 
connections which are reducible to a fiat Sl{N, H) connections can correspond to points 
in the W moduli space. To prove this, we use lemma 3.20 in [0. This lemma states 
that a Higgs bundle {V, 9) corresponds to a fiat real connection if and only if there 
exists a bilinear symmetric form S{u, v) on V ® Vc, where Vc is the Higgs bundle 
(V, —9), such that 

dS{u, v) = S{{V, + 9)u, v) + S{u, (V2 - 9)v). (5.34) 

For the standard W algebras such a symmetric form S exists. The vector bundle V is 
in this case 

N 

^ = 0^/, Vic^K-^^ (5.35) 

1=1 
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and the symmetric form S is given by 

S{u,v) ='^ui vn+1-1- (5.36) 



N 



1=1 



It is an easy exercise to show that (|5.34 ) indeed holds for (|5.36|) . Putting everything 



together we conclude that, for standard W algebras, W moduli space is a component 
of the moduli space of fiat irreducible Sl{N, IR) connections. This parametrization of a 
component of the moduli space of fiat Sl{N, IR) connections in terms of certain Higgs 



bundles is similar to the one mentioned by Hitchin [14]. The relevant component is 
specified by the topological type of the real vector bundle on which the fiat Sl{N, IR) 
connection lives. To really construct this fiat connection explicitly, one needs to Icnow 



the so-called Hermitian- Yang-Mills metric on the Higgs bundle, see [0. This metric, 
and the associated fiat connection are very easy to describe if ly = 0. In that case one 
pick;s a constant curvature metric on the Riemann surface, and uses the metric this 
induces on K to construct a metric on V. This is already the Hermitian- Yang-Mills 
metric and the corresponding fiat connection is 

D = V, + V, + A-L(i?,,-). (5.37) 

The real vector bundle for which this defines an 5'Z(A^, IR) connection is given by the 
bundle left invariant by an involution of V that commutes with D. The involution 
a : V ^ V is given by sending u G K^ ^ u E K^ ~ /T"^, where the metric is used to 
identify K with K~^ . 

As an example, consider ordinary gravity. In that case G = 5/(2, IR), and V = 
_i 1 

K 2 0i^2. The involution a is in local co-ordinates with metric ds^ = pdzdz given 

by 



i^rp\ 



The corresponding real bundle is one of Euler class 2{g — 1), and the W moduli space 
as defined here is the Teichmiiller space of S, which is indeed closely related to the 
moduli space of Riemann surfaces, and has occurred before in studies of 2D quantum 

gravity p5l. For details, see [ITl]. 



It is a very interesting problem to characterize the fiat S'/(A^, C)-bundles that are 
related to the moduli space of the nonstandard W algebras. We have checlced for 
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a few cases that it is impossible to construct a sjTiiinetric bilinear form satisfying 
( |5.34| ) for those W algebras, and therefore they do not correspond to fiat Sl{N,]R) 



connections. If we replace V by Sl(y), and consider the Higgs bundle {Sl(y),9) with 
9 : Sl{V) -^ Sl{V) (g) K given by 9{X) = [A + W,X], then the existence of symmetric 
bilinear form satisfying ( 5.34|) for this Higgs bundle would show that the fiat Sl{N,(C) 



connections for these W algebras are always reducible to a fiat g connection, where g is 
some Lie algebra whose complexification is s/(iV, C). However, for the cases we checlced 
it was impossible to construct a symmetric form S for {Sl{V),9) either, and therefore 
it is still unclear what precisely characterizes the nonstandard W moduli spaces. 

Instead of look;ing at M^g°j/go, one could also looli at different 'strata' of M'*°', 
by defining M^°' = {V^ + A + W \ V^W = A dimker advi/(go) = k}. The space 
Aiw,k = ^fc°Vso is presumably related to 'singular' configurations of W fields, and 
deserves some further study as well. 

The simplest nonstandard W algebra is W^ [^. For this W algebra, A and W 
are given by 




J 





G+ 


-2J 


T 


Q- J 



A=0 0, W= \ G+ -2J , (5.39) 



where J has spin 1, G^,G have spin 3/2 and T has spin 2. The space M^"'' has 
dimension 8g — 7, and go consists of the constant matrices 



X 



( e 








-2e 


VO 


e 












?,eG+ 











-36^- 






and 5,W =[W,X]=\ ?>eG+ . (5.40) 



From this we see that M^^,°j = {J, G+, G-,T|G+ ^ or G" ^ 0}, and that Mwfi is 
topologically the product of C^^~^ and a weighted projective space of dimension Ag — 5. 
Clearly, M.w,i is topologically a vector space of dimension Ag — ?>. We see that for this 
W algebra the moduli space is non trivial. 

The discussion of W moduli space in this section has so far been limited to genus 
g > 1. Most of the analysis can also be carried through for genus g = 0, 1. The 
main difference with g > 1 is that for the latter case, W moduli space is in a natural 
way a subspace of the moduli space of stable Higgs bundles. For g = 0,1 this is no 
longer the case, because the Higgs bundles one obtains for g = 0,1 are not stable any 
more, the reason for this being the fact that the first Chern class of K is given by 
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ci{K) = 2{g — 1), and changes sign a.t g = 1. Let us briefly indicate what the moduh 
spaces for g = 0,1 look hke. 

For g = 0, the hne bundle K^ with r > has no global holomorphic sections. 
Therefore M^°^ is contains only D' = V + A and has dimension 0. The gauge trans- 
formations that act trivially on V + A are given hj 6A = = [A,F], where F is 
an arbitrary holomorphic section of IlkSid{Pc) — (BiK'^"^'-- For genus g = the line 
bundle K^'"^^ has (2s j — 1) holomorphic sections, and the dimension of the space of 
gauge transformations that act on M'^°' equals I]i(2s.j — 1) = dimC. This shows that 
dimH^'^ — diTnH^'^ = — dimG, in agreement with the Riemann-Roch theorem ( p.2^j| ), 
which is valid for arbitrary genus. 

For g = 1, the line bundles K^ are all trivial and have precisely one holomorphic 
section. If dw denotes the number of generators of the W algebras, then dim M'*"' = 



w- 



dw, and the space of gauge transformations that acts on M also has dimension d 
These gauge transformations act on M'^°' via SW = [A + W,{1 + Ladw)~^F], where F 
is an arbitrary holomorphic section of IlkSid{Pc). Again, ( |5.23| ) is satisfied. A natural 
candidate for the moduh space is in this case 

Mw = {V + A + iy| dimCg(A + W) = rank g}/ ~ , (5.41) 

where Cg(X) is the centralizer of X, i.e. the set of elements of g that commute with X, 
and g should be identified with the holomorphic sections of ad(Pc) ®-^- The dimension 
of the genus 1 moduli space equals the rank of g. 

Actually, what we really have been computing up till now is W Teichmiiller space 
rather than W moduli space. For ordinary gravity, the latter is given by the quotient 
of the former by the action of the modular group. This suggests that a good candidate 
for W moduli space is also to consider the quotient of the W Teichmiiller space by the 
action of the modular group (cf. ||3D|). It is an interesting problem to investigate these 
spaces in some more detail, and to try to generalize the framework for ordinary grav- 
ity coupled to matter, where one expresses correlation functions in terms of modular 
invariant combinations of conformal blocks, to the case of matter theories coupled to 
W gravity. 
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A. Appendix 

In this Appendix we give the definitions and some of the properties of the WZW 



actions S^,^: 



StM = hl d^zTT{g-^dgg-^dg) ± ^ / TT{g~'dg)\ (A.l) 

satisfying the following Polyakov-Wiegman identities [^: 

S^^^igh) = S+,Jg) + S+,Jh) + i^Jd'zTTig-'dgdhh-'), 

S^^^Jgh) = SZ,M + S;,.^{h) + ljd'zTv{g~^dgdhh-^). (A2) 

The equations of motion resulting from these WZW actions were already studied in 
section 5.2 (see ( |5.10| )). If we view S~^^{g) as a function of A^ = g~^dg, the equation 



of motion is: 






'■z 



where J^ is such that the pair {A^, Jz) have vanishing curvature, so Jz = g ^dg. 
Equivalently, if we take S^^^^^h) to be a function of A^ = h~^dh, we have: 

where now F{Jz,Az) = 0. For the action kS^^^ih) — ^ J d'^zTT{Ah^^dh), where 
{h^^dh)^ is held fixed and should be identified with /i, this implies that the equations 
of motion can only be satisfied if h~^dh is of the form: 

h-'dh = ( » J ) . (A.5) 
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From section 3 we know that * should be identified with a spin two field, and that the 
solution for A2 = h~^dh is now that A^ is as in ( |2.13| ), since this is the unique answer 
such that ([A.5|) and Az have vanishing curvature, as we argued in section 2.2. 



B. Appendix 

In this appendix we will sketch how some of the results of section 2 generalize to 
arbitrary Riemann surfaces, using the generalized WZW functional ( |5.8|) . The chiral 
action T[T] was in section 2 shown to be given by —kS'zwid)^ where g^^dg = A + W . 
This has a natural generalization, namely T\T] = —kS~^^{A; B), where A is the fiat 
connection consisting of ( |5.15| ) and ( [5.16| ), and i? is a fixed fiat reference connection, 
representing a particular regularization, as explained in section 5.2. If B locally has 
the form 



then the Ward-identity satisfied by T[T] is given by ( |5.18|) , with fi replaced by B^ — 
^—^- By Fourier transformation, we define the induced action r[/i] 

exp(-r[/i]) = IdT exp (-r[T] - A | ^2^ (^ _ 5+)(t - 5;)) , (B.2) 

which differs from (|2.19|) by the explicit appearance of B in the definition of Fourier 
transformation. If we define T{fi) by requiring the connection ( ^.15[ ) + ( ^.16D to be fiat. 



i.e. we view A as a fiat connection depending on fi rather than T, then in a saddle 
point approximation the action T[fi\ is simply given by 

r[/i] = r[r(/i)] + lj£z{ii- Bt)iT{f,) - b;). (b.3) 

The 'induced' action T[fi] satisfies the Ward identity 

{B-fid- 2(5/^))^ = ±{d' + 2n'd + {dn'))fi - ±dn', (b.4) 

where TZ' = d'^logp — |((91ogp)^ — 2B^ . If we choose B^ in such a way so that TZ' 
is a holomorphic projective connection, then we find precisely the Ward identity on 
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a general Riemann surface as found in [31|. The induced action T[fi] on arbitrary 



Riemann surfaces has been studied from different points of view in 

To construct the covariant action, we also need the left-moving sector of the theory, 
i.e. the actions T[T] and r[/i]. To construct these, we need to impose constraints on 
the z-component of a connection A2. Using the isomorphism between K and K^^, one 
finds that one has to impose the following constraint on A2^z 



DM,, = d+^^ ^^J, (B.5) 

and 

is such that A2 has vanishing curvature. Now T[T] = —kS^^^{B; A2), and T[p] is the 
Fourier transform of T[T]. In order to able to construct a covariant action, we must use 
the same background connection B in both the left and right moving sector. Repeating 
arguments similar to those in section 2, one finds that the complete covariant action 
for gravity is simply given by 

S,o.{T,f,G) = -kS-,JA^-A2), (B.7) 

which does not depend on the choice of B anymore, and is manifestly invariant under 
both left and right diffeomorphisms. To extract Ar[T, T, G] from this covariant action, 
we make repeatedly use of the generalized Polyakov-Wiegmann identity ( |5.11| ) to obtain 

SUT,f,G) = -kS-,JA,;B)-kS;,,jB^;B)-kS-,jB;A2) 

-± j SzTviiAr- B)z{B - AT\) 

-^Jd'zTT{{Af-BUB~A2h) 

-A-Jd^zTiiiA^ - B)MA2 - B),G~'). (B.8) 

In —kS~^^{Ai; B) and —kS'^^^B; A2) we recognize T[T] and T[T], and the remainder 
of Scov in ( |B.8|) is AT[T,T,G]. The 'local counterterm' Ar[/i, /i, G] can be obtained 
from Ar[T, T, G] by Fourier transformation, using the same Fourier transformation as 
in (p.2| ) . If we parametrize G locally by the Gauss decomposition 
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we find the following expression for Ar[fi, fi,G] on an arbitrary Riemann surface 

Ar[/i, Ji, G] = ^Jdh [d(j)d(j) + uj{2d(j) +{d + 91ogp)/i) + u;{2d(j) +{8 + d\ogp)fL) 

+fiuj'^ + Jiu"^ + 2ljju] — (1 — fifi)e~'^'^ — (pddlogp 

+ extra piece, (B.IO) 

where the extra piece contains the terms which depend on the reference connection B: 

- ^ j d\T:r(B,B,) + ^ j d\ B: Bt . (B.U) 

This expression can be further reduced by integrating out uj and a), and the result one 
obtains agrees precisely with the local counterterms that have been constructed previ- 
ously in [^ , provided one chooses B~ and B^ in such a way that in the Ward-identity 
(|B.4| ) for r[/i] and in its analogue for r[/2] only holomorphic and anti-holomorphic pro- 
jective connections occur. This shows that generalized WZW actions provide a general 
and powerful framework to construct covariant actions on arbitrary Riemann surfaces. 
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